







































































































VectorsandReference frames

Vectors
Entities thathave module directionand sense

E
I v

All vectors canberepresented in a matrixformgiven a basis
Basis m an n dimensionalspace a basis is anysetof n linearly independentvectors Anyvector in this space can be writtenby a linearcombination

oftheclements in thebasis
Basis I I z I z I I n

1 C IR I X Ç t da t 23Is t An In for 9,4 anER
which canbewrittenas

I Is In I s En 43
i

dm
Ábasis

qRn presentation ofthevectorsee ontheselectedbasis
Hence it is dearthat the representation ofa vector depends on theselectedbasis
Toavoid a cumbersomenotation it is usual toomit thematrix that contains thebasis
andindicate it in thevectorsymbol If intheprevious example thebasis

I i Ix Iss Em

is called a then we couldwrite
































































Ia 93
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Thismeans thatthevectorIs can be represented bythecoefficients x mas an
usingthebasis a

It is necessary however totake extracaution when performing operations withvectorsusing
this notation because allvector must be represented in the samebasissothatthe
operationmakes sense Forexample let'sconsider thesumoftwovectors

ç ftp
is L This is anewvectorcreatedusing E andy and

doesnotdepend on their representation

In thiscase
let thebasis a bedefinedby E E En En Es En then

a Pa po1 L as and y E Psi
an Pn

Hence
a P Atpq pc Ntpc

Istoµ L M t I Ps E dstp3
n E Ldntpn.lafa Katya

Thus considering the representation of the vectors in the basis a wehave
a B x xpa fa NtPo

Nt Yu Katya Rs astPsi i
an Bn dntPn



Ontheotherhand let
V I l I I I In I
be another basis called b suchthat fb Ê In this case zatz ÉÊ

dnt A

It becomes dearwhenwriting the operation in completematrixform i e withthebasis

a a
a a

Ist lf Edas I Ps
i

Ans An

This operation is correct Youjustcan't simplify it anyfurther

Example Representationofvectors in differentbasis
1ar TE Basisa E Isa

i Basisb II Isa
is

I I Noticethat Z 1 E t 1 1 a E I a

Ir G I tive Is I I
Finally Ka f and Is

Notation

Wewillusethefollowing notation as in Hughes12004

I i Vector
Za Representation ofvectorE usingthebasee
a Scalar
A Matriz



Changing basis
Weverified thatthevectorrepresentationdependson theselected basisof thevectorspaceHence operations betweenvectorscanonlybeperformed if all operands are representedonthesame
basisThus wemustdevelop a methodto convert a vectorrepresentation betweenbasis

Let

ç Ç E.nland É É E
betwo differentbasisof a vectorspace in IR Given any vector Z EIR we have

E E E En f É E É.IE 1

where E and f are the representation of I in each basis Wewant tofind awayto
obtain f given E andthevectors in bothbasis
Let paipai pri betherepresentationofthevector e i inthebasis É É En then

iii iiitirei i n

i

Fi
Hence wecanwrite

Ç Ç En Ef Epa Epn E f pa Fn
Thus

Ç Ç En E p fa p.nl
i 71Pi Pr Rn

fé E Eli papai P fjnjn Pm 1É 1
I

E II É En I

µ
Representation ofE
inthebasisUsingthis result in h onegets E E Ed

le En EnE É É E IA É É E E



It is knownthattherepresentation of avedar in a basis is unique Hence we canconcludethat

f IF
Thustheconversion q a representation in thebasis E E En totherepresentation inthe
basis É É En canbedoneby computing thefollowingmatrix

Pi Pr Pm
E Pai E
jaÉ Pm

where the ith columnis the representation ofthevector E i inthebasis É É Ed
Eachcolumn is therepresentation of a vector in thesource basisusing thedestination basis

Analogously

B QE
where

9 qr 9in
Q 9qu qmi i

Í É
9mmwhich

99gI is therepresentation ofthevedar I inthebasis E Ça En

Hence we have

E IfA QE
which leads to

E IE E Ff CR
Thus since this is valid forah f ERn we have
I e i or I E

Notation n n identitymatrix



Example Changing basis um x

Usingthesame scenario in theprevious example wewantto findthe imatrix thatconverts a representation inthebasis a totherepresentation iginthebasisb Hencewehave torepresentthevector Is and usingthe 1
basiscomposed q I and I

We have Isa

E 1 C1 I 01 I I aµ
9 1 01 CDE II I.cl f

Hence Notice that

Dna DbaIa f ftp fi Ib
Notation Matrixthatconverts a representation in basisato baseb

Vectors in 3 dimensions
Allthetheory so far is valid porall n dimensionalvectorspace However wewillfocus
from now on our caseof interest 3dimensionalvectorspaceoverthefieldofrealnumbers IR

Inthiscase we candefine some operations In the following let I v v KITand
e u u v It be respectively the representation of I and I in the orthonormal
basis Ç Ça 1,3
1 Dotproduct produtoescalar

Tuiiia e I I II t.lv cosO
ai 0 I
i 7

141

2 Crossproduct produtovetorial e
Ir twd Aa

E E I
twd II 1,1E19H11 ser0 70 A i

i
m which u is perpendicular to I and I Q é



3 Vectors represented in an orthonormal basis

If thevectors are represented in an orthonormal basis then we canwrite

a E Y U v t kV t U V

W E x I luaVs vsk Ç t lush 44 Ç t lUVc UNDÇ
U 11,1 VEI441.441.444Representation ofvector in matrixform

let
I X E NaEa Rs93

then

1 114 7 iii there tia

I Ç Ex Iss
In this representation we can define

a E I VIIVIVEEx I E EI where

E
5 Important properties

a A E I Y E E Itu
b µ E Y II Es
E Y y y

c Vectortriple product
x II Q Q E Y tu Is µ
é E LEY Y LETY E

d Mixed product

E µ µ I E
É µ Ex1 TE E E



C I XII t.ws K XI E E
E Itu It EE

f It and I are perpendicular then ny
a Es Y O

g If Is and I are collinears i e
au

Y DE por EIR ou
then

µ E x I 0
e E I 03 1


