







































































































Euler angle and axis

Eulerproved thatanytwo reference systems in IR can bealigned bya singlerotationabout
a specific axis Theaxis in whichthereference systemmustberotatedtoalignwiththeotherone
is called Euleraxis and theangleoftherotation is called Eulerangle

Inthiscaselet'sthreatCasaas a
In thefollowing weprovethis statement usingDCMs Linear transformation R IR

LetEsabetheDCM that transforms thereference system tamto Is
Preliminary Determinant of a DCM

ToprovetheEuler's theorem weneedto compute the determinant of theDCM Since a DCM is
orthonormal then

Cboi Ebá

Thisleadsto

CÉ Essa Es
Cbat Essa Is

I
detlcba.ca detIss
deterádefesa I s detlAB detlAI.delB if AandISare squarematrices
detlebaldetlesa I s detta deflat
detCE.atldetlCba 1

We sawthatthematrix Em is composedbythevectors in Is represented in Ia InRs the
determinant canbecomputed using

É detlcbal tbatlbaa.ba

If Ia and Is are righthanded then Baxbsaiba Thus
detlcbah.baba 1 de1 Esa 1

It is Knownthat if thedeterminantof a linear transformation is negative then it reflects an
oddnumber ofaxes In otherwords it change the orientation ofthe reference system However
since we are assuming righthanded coordinate frames then we donothave reflections










































































































1 Rotation axis
Weneedtoprovetwostatements toshowthatexists a rotation axis Ederaxis
a There is an axis thatanyvectoralignedwithit hasthesame representation inbothsystems
bTheplaneperpendiculartothataxis is mapped toitself
cTheanglebetweenvectors intheplaneperpendiculartothataxisarepreservedafterthetransformation

Proving a

It there is a rotation axis then therepresentationsof a vector 1 aligned tothataxis inboth
systems areequals

Ia Is E

Thus

CsaIa Y
EsaY Y
EsaY Is I
Cba Ezv Em

Thisequationhas a nontrivial solution if andonlyif lCBa Es is singular Weknowthat amatrix is singular if andonlyif its determinant is O ThusL
dettÇa Is detlev dettEn Es

de1 Cbat Esa Is s.delA1detlB detlAB1
detlEsIEea Esal
det I I Cbá
det1 II Ebat I EI
Det II EsaT AI É 11 BY
det II Esa detlat detA
detClesa Is

deuA delta
Thus

i det Esa

del Ex Is det Esa Is dettcba E O

Hence weproved thatexists I Csn in which

Cba 1 I

Thismeans that 7 1 is an eigenvalueofEsa associatedtotheeigenvector E
Finallyweconcludedthatexists an invariant axis inwhichallvectoralignedwiththisaxishavethe
same representation in bothcoordinatesystems Iaand Is










































































































Proving b

Let I be a vectorperpendicularto I thatis aligned withtherotation axis ofEssawhen
represented in Ia Thus
fatia 031

Furthermore This is trivialwhenwerememberthatEsa
Ubtvb fcsauafcs.ua is alineartransformationthatonlychanges

EatEsaEstava Katya thebasisbetweentwoorthonormalright
handed coordinate systems

Is µ
Thustheplaneperpendicularto E continues perpendicularto e afterthetransformation Ça Since I
is invarianttothistransformation so it is thisplane
Proving c

Let fa and Ya twovectors intheplane perpendicular to I Thus

Uatwa IUallwalc.usO

Moreover

i
véus Cbala Csaka

EatÇaEsaYa tatua
NallwalcosO

Since Ça is orthonormal

Wal 11H
twd twd

Thus

EIw fatwa 1 aos 1 11 caso caso caso
anglebetween I and ubeforethetransformation

anglebetween I andwe afterthetransformation

Thismeansthatafterthetransformation Em theanglesbetweenthevectors intheplaneperpendicular
to I arekept constants

This is trivialwhenwerememberthatEsa
is a lineartransformationthatonlychanges
thebasisbetweentwoorthonormalrighthandedcoordinate systems










































































































Finally vectorsalignedto I donotchangetheirrepresentation afterthetransformationEsa Vectors
perpendicularto I keepthesameanglebetweenthemafterthetransformationandcontinue perpendiculartov
Thus weconclude thateveryDCM represents a rotationofthecoordinatesystemabout a specific
axis

Findingtherotation axis

Thedirectionoftherotation axis isthesame as thedirection oftheeigenvectorassociated tothe
eigenvalue 1 Tocomputethisdirection let

Ei L

If avector e Em is alignedtotherotationaxisthen

E a III Ex
Noticethat e isalsoan eigenvector of Ça
csal I cbáx

I Eie
E
atI _I

This wehave

EsaÇaE EsaY Cbate I I
Let E EsaÇa Noticethatthismatrixhasthefollowing property

É cesa Cbá Ça Ça Esa Ça Q
é Q

Thus we can write

ai L
where

q Cas Csa
q Csi Ci
93 Ce ca

Furthermore










































































































Cba Ça Y Qe Qm
leading tothefollowing linearsystem

Ei EH L
Let qê 9 q 93It This theabovelinear system canbewritten as
q 1 q x I 031

finally itturnsoutthat I mustbe aligned withq i e
I aq ta C R

Usually it isdesiredthat I be a unitaryvector Thus therotation axisdirection oftheDCMCba is

a E
c Cai

2 Rotationangle

Herewewillusethetheory of lineartransformations tocomputetheEulerangleusing a geometria
approach

Aswesaw aDCMcanbeintrepretedas a lineartransformationthatrotates a coordinate systemabout aspecific
axis However wecanalsointrepret aDCMas a lineartransformationthatrotatesthevectors inthesamecoordinate
system

Ia tb nEaii

U ç E ç q

i i
o ii e i ii OiEb ia u

Na f Ja Ia faI
v ub a

Conclusion therepresentation of avectorlessin a coordinatesystemobtainedbyrotatingGoabout
an axis e is equaltotherepresentation ofanothervector Ita in theoriginalcoordinatesystemIa
obtainedbyrotatingthevector E 0 aboutthesame axis e










































































































A rotation of vectors aboutthe I axis is givenbythefollowing linear transformation

ex t Iiiin

Thuslet I bethebasistransformationthattransformthecoordinate system Faintoanyotherthatits
E axis is aligned withtherotation axis oftheDOM Cba Hence giventhepreviousdiscussionand for any E ER wehave

ta TI RoxC D la
Transformstherepresentationtothatsystemthatits axis is alignedwiththe
rotation axis oftheDOM Cba

RotatesthevectorbyO_OwhereOistheEulerangle q Cba
Converts therepresentationbackto Ia

This leadsto
4 Ebala TIRAG Dia

Sincethisequality is valid VI ER then

Cba DIExC0 D
Hence

tresa tr DIExtoD
Tr Ex1 De trlAB.tnBA
TrEx1oh

tresa trf ÊÉÊ acasott
in

Finally

cosO tr Cba 1
2

CosO Cut Cut Cn 1










































































































3 Rotationdirection

Herewewilldefinetherotation directionandalsofind an expression por191Noticethat

Q Esa Cbat ÉTICOD l Exto DT
RTExtoD TEExitoE CABEI EIE
DIIRA0 Rita D

e i Índiasin

LetE 12sinoo 0It then
É

Q É1 E D Exercise 2I di Caíe EastExceas
q ÉExD
q TI E D Dir D DI
g III

q Dir Thismeansthat qand I arerepresentations ofthesamevector in differentcoordinatesystems

E is a vector alignedwiththe rotation axis represented intheselectedcoordinate
system in which its axis is alignedwiththesame rotation axis Ederaxis

Thepositiverotation direction is obtainedbythedirectionqqusingtherighthandrule
Thus wehave

lqt Tqq fr TDEI.IE TÃO 12sin01 191 2sino if Os 0 E1809

Assuming thattherotation direction aboutq followstherighthandrule then
Cr

2sino
vi Csi Cn assuming sino O 1 Esta Cba

2sin0 2sino
Ga Ca
2sino

Thissolution is unique if we limit

00E Q E 1800 Notice that II Q l I E l I 3600 0
Thesingularitywhen 0 180 willbehandled in thefollowing

If 000thennorotationhappened Inthiscase theEuleraxis is undefined










































































































Relationship betweenDemsandEulerangleandaxis

Wewillshow in thefollowingthat if theDcm EsahastheEuleraxis I andtheEulerangleO then we canwrite

A 1 casoI ll cosG vÉ sin0 Cba

Everyvector E canbe decomposedinto a partparallel to and a part perpendicularto q
Radius191 i xw.ee

En y f 9 E E e µ
a E t eI iust a se E Ei
Ir
s E Noticethat é
G Hei leisinto

c e o hexei tutuÉ.noiuisin01uiI
E t www.xusst lviwxusin9oIvxuINsile a

Thevector É thatis obtained byrotating e abouttheEulervector e byOcanbe
obtained asfollows

É Is t 9 tv 1 Y sin0 e cos0 I xCEx e

We showedthat E Es thus

Qg Uf.LY Ea Y sin01 la aos01 1 fa sRememberthatKa Ib L
III Ça sin0Y Ça cas II I la VIVI III I
reviva sin0 Ela cos01 ya t cos0 la
cos I ll cosG II sin0 1 1da

Hence we have

Eis cos0 I t 1 cos YET sin Villa
kb Cbala

Since those qualities are valid tu ER then

A E cosOI ll cos0 II sin O Cba

Singularitywhen 1800

Now we canfind an expression fortheEuleranglewhen 180 AssumingthatY.lv v.vÉ
a ecba cos1800 I t ll cos180911T sintió E 211T

e a I t.fi lse.a xi
































Finally if 0 1800 then

v NÉ Y FÊ V FÉ2
where thesigns canbeobtainedfrom Inthiscase noticethat

Cba II Is
2kV Cu Ç
IV V Cis Cs
2kV Ccs Csc

Bonus Me is indeed an orthonormalmatrix

AME casoI ll cos sin0 casoI llcos07 sino IT
casoI ll cos sin0 casoI Iiaose vvi sino AtB I 1TtBI
casoI ll cos T sin0 casoI llcos07 sino s é É

cos OI caso cosG II aos0sinoé
Icoso caso t ll cosG vitu sinocoso sinG vivé
5inOcasoé sinG sinecoso e sinO EE

vte 1 IEI III
1 Em

II Is
cos OI cosfytCOSOvvt.co nOvxtcosOvvT cosOvvTtVVT 2cosfvvTcosto since sinO lui Is
COS OI cosOVV ttv Vt s.inOvvTrsinO2Es

el el
cosO SinO E Irei_ sinO cosO vit

I t IVT I I
Thus MAIEz whichmeansthat M is orthonormal

Conclusion we showedthatthesameinformation in theDCM canbedescribedbytheEuler
axis and theEulerangle Thus only 3 parameters are necessary
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Composing rotations with Euler angleandaxis
Supose that we knowtheEulerangleandaxis lei G thattransforms Iainto Is andthe
Eulerangleand axis 1h Q thattransforms InintoFe Usingthatinformation weshowin
thefollowinghowto obtain his 9 thattransforms IaintoEc composedrotation

Weknowthat

Eca CcbCba CeIs li G Iii saville I t A c 1,4T S41
where Ç cosQ

Ez cosQ

Thus we know thatthe Eulerangleof Eca canbecomputedusing
2C 1 troca tr CeIs II G Iii saville I t A c I II S 41

frfc Is t CeCcr III scatita acaEYE 1 a IIcrlvavivv.it SCcsdvaYivi
CS VÍ csa sa III II e S Sr Ii Yi

Usingthat trlxai.PE atrlA iptrlB
2Cstl acatrLIdtlcaGcdtrlvivil scztrIvMtk 4 trlvav.at ACHIa trlvavivv.it

Isca5 trlvvIV.it as true lasase tr III Ii ts.se rlVEvi

If Ii x y 2 i e Ii D then

trlvil trf.jo o treinei tr É IÊ xhyh.it

2Gt 1 3CicatCe CCe ta GG II G C tac tr YNatv.ITxlscasDtrlYYIYf
csa sa trlvivvDI s.setreinei
Usingthat trlEBI trlB.at
trlvv.ivv.it trhfIvtY trlcaI cr

cossaco where T is theanglebetween I and I
Noticethat

ftp.BT.trlBA trlABD.fr

BtAltrlvaVIvi trlViv aYi trllvxv vit trlvztlv d trio _o
PerpendiculartoIa

trlv ivv ih.fr lvrxvDvit trlv itExII trld O
perpendicular tov



2 tl CCrtC t Ç t lI a cr Ccr cf t s s tr IE Ii
Using Y X Y t IT and I Ya ZaIt then

www.i tr f9IiffEEi fftrf
27Za 2yy 2 1 2 2 Itv 2cosA 2cm

2Gt 1 ACctcitCa1 I G Çtc.cz cf t sSr12Cp
Cica C tCa II G 1 G cf ZSsaca

Thus wehave

2caso tt casacosOz caso cos0 ll cosOIll cos9 cosin 2sinosinAcosN

Usinghalfangles we can obtain a simplerexpression Rememberthat

cosO 2cosÇ I sinO 2sin casQ
2

Thus

Zeus03 1 2 2cos 1 1 4casa 1

casacosq caso caso facas 1µcos 1 2cai _I t 2cos I

4coiquia 20 2 11 2 1 2 9 1

4cosÇcos l
sine sine2 a

Ii cosancos cairp losGµ nos cair 4ft cos II aos casar

4sintosiríacosP

25inO sinQcos 8sin aos sin cosE cos
Usingthoseresults onecanseethat

4aos 4coifas 1 8casças sinosin cosN Usina sin casarEM

cos cos cos 2cosEzcos sin sin aosPt sin sin cos A



cos cos cos sinesinecost

cos cosÇcosÇ sin sin SP

Toremovethisambiguity noticethatOs O if 0 Q O Thus

cos cosÇcos sin sin cosA

TheEuleraxis as canbecomputed usingthat
xI
z q
Eta Eca if ser0370

si

25inOsY feat Eca
c Is t CeAcc III sCvii G cicatriz 1 a IIcrlvavivv.it SCcsdvaYivi
CS VÍ las sa III II e SsereiYiptCG t CeAcc III sCY tlc cCalvet 1 a IIcrlvzvivv.it SCc s vaYivi
CS VÍ csa sa III II e S Sr Ii Yi

2sinqvs.ci Istlc cdvvTtscrV itla c aVItll aXlcdvvtvvIts.casdviv.ve
C S Ki lcSe 5 I VIII t S S Ii II É Icaactivitiescavi
la II II G II cdvav ivvi ls.cz silvestri ese
las SDV ivvi s.sc Ii Ii

2sinoVÍ 259kt tll cihcdfvvTKVI vaviv.IT xlsiCc s l.vivrvI vvivY
2CseYi cise se EI vivi III III x Ssalve II vivi

Noticethat
1 It e a b then E bé ebi Thus noticethat
livrei vakiYi II xvdv.it Ir vivi te xvdvii vlviv.AT

l T II xvdv i lvxvdxv.cl fvcxlvixv.tl
b e

Furthermore it is Knownthat axleE a E b lab E Thus
I II Ir IVa YAY lva.vnYa Y cosAya

com
Finally Iii vi_vivi II cosmo Y costVÍ
2 Using the sameproperties
I Ii Ii III ví Yvivé lvexvDYF.vn v ivY lvrxYNt

1 VexY Ii Waxy x 4 II xlvaxv.MY
b a

I xlvcxv.it y Ii Ya Ni Ya Y Ya cosay
cost

Finallyi I I TIE III Ii voz COSPE VÍ costI



2sin03II 2scotti IICNICet I ITINI Vzviv.IT i Isca 9 f viicoserei
Las Vé csa sa Yi cos Ii sse Ii Ii Ii Iis.cit s t s c 1 cost Ii Casa se SIca1 aosD II
t II a A a vNTVcv.at Va III Ii t sSr v iv i.IE Ii

Noticethat
I Ii YEE IT caso la VIcos
cosse cost Ca xD vivi II a

Usingtheproperty a b b é EsteEz
Yi Yi III III III I l I II III Es

y yT Y II v Es I Iss
EI T I II II x II v y
bna e a b né bé_aÉ

25in0 vá si Ita SrCI G aos8 Yi
salita S II G osD Yi
s Sr 11a IICalcost III II

Sincebothsidesarematrices written inthesameform cH thenwecancompareeachelement
toobtainthefollowing vectorequation

2sin031 sin0 ItCOSA sin 02 ll cos0 cosD Y
sinOz ItcosG sin0 ll cos9 cosT I I
sin 0 sin0 ll cosG ll cos02 cost Y a

Thisequation canbeusedto compute theEuleraxis ofthecomposedrotationHowever a cleanerexpression
canbeobtainedusingthehalfangles asseen inthefollowing First rememberthat
cosO 2cosÇ I sinO 2sinÇcosÇ

Thus

I sin0 It cosOz sin02 ll cos9 cosP
2sin cos µ 200 ftp 25in cosE 1 2cos 1 cosN

2
4sin aos cos E_4 sin cosOzll cos cost

2

sin
4sin cos os cos 4sin cos sin sin cosP

4sin os cos cos sin sin caso 4sin aos cosOz

cos



2 sin02 It cos0 sin0 ft cos9 cosP
2sin cos µ 2cos ftp 2sinqzcosOJ 1 2cos2Ejtl cosP
4sinjcosOzzcosQz 4sinQj cosE ll cos cost

sin
4cos sin os cos 4cos sin sin sin cost

4aos sin cosÇcosÇ sin sin caso 4aos sin cosOz

cos

3 sin0 sin02 ll cosO II cosQ cosN
2sinocos 2sin cos I Zcos 1 1 los 1 cosN

4sinEzsin cosOzcos 411 cosE II os fosse
sin sin

a
4sin sinEcos as 4sinEzsin sin sin cosP

2
4sin sinEz cosÇcosÇ sin sin aosa 4sinOzsinOzcos

os

4 2sin03 2.2sin cos Ysin cos

Finally

Ysin co Is Ásinços co I Voos sinfão Ia Ysin sin viva

13 sin cos I cos sin Ir sinEzsin viva µ if sin03 10

If sin03 0 thenthere istwopossibilities
1 O Oo mthiscase there is no rotation and theEuleraxis is undefined
2 O 180 inthiscase theEuleraxis canbeobtainedbyEca II Ez

Thiscasewillnotbeproved hereSeeproblem 2.10ofHughes'sbook

Ronan Arraes Jardim Chagas


